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Introduction

* Interactive Theorem Proving is appreciated for reliability

e But 1t is also engineering tool for mathematics (esp. Isabelle/jEdit)
e refactoring proofs and claims
e sledgehammer
e quickcheck/nitpick(/nunchaku)
e Jocales for organising concepts

* We develop an Isabelle library of order theory (as a case study)

= we could generalise many known results, like:

e completeness conditions: duality and relationships

e fixed-point theorems for monotone functions (Knaster-Tarski, and many others)
e fixed-point theorems for inflationary functions (Bourbaki-Witt)

e 1terative fixed-point theorems for monotone functions (Kleene, and others)
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Why giving this talk at a TRS meeting?

* Order theory 1s just a case study, the methodology could also be
used for rewriting relations

* Some concepts of order theory make sense for rewriting relations
e confluence = existence of bounds
e Knuth-Bendix completion = adding sups in the relation
e termination = the reverse relation is well-founded

 Complete relations and sups are crucial for infinite term rewriting

e Getting r1d of assumptions can be useful for more involved

techniques
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Partial order

I
S

e set (A) + binary relation ( C

e reflexive © xLC x

e transitive < xLC yand y C zimplies x C 7

e antisymmetric < xLC y andy & x impliesx =y
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Partial order

e set (A) + binary relation ( C )
locale related_set =
fixes A :: ""a set” and less_eq :: “'a = 'a = bool” (infix “C" 50)

e reflexive © xLC x

locale reflexive = related_set +
assumes refl[intro]: “z € A = z C z"

e transitive < xLC yand y C zimplies x C 7

locale transitive = related_set +
assumes transftrans]: ‘c Cy—=yLCz—=zxcA—=yc A= 2€ A=z C 2"

e antisymmetric < xLC y andy & x impliesx =y

locale antisymmetric = related_set +
assumes antisym: t Cy—=yLCr—z2rc A=—yc A=z =1y"
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Partial order

e set (A) + binary relation ( C )

locale related_set = o A
fixes A :: ""a set” and less_eq :: “'a = 'a = bool" (infix “C" 50" mme\
e reflexive © x C x - ~— .
locale reflexive = related_set + o i (\5‘\’{\\' |
assumes refl[intro]: “z € A =z E & “Q"
.. o _ ‘\\l g
e transitive < x L y gps™ (e‘\\' S x C 7
locale transntlve — e d/s,f o

assume O(de(, = gl o= pec dl=—— gy A= 26 A=l o

\eQ (\\ xLECyandy L ximpliesx =y

\00 tlsymmetrlc = related_set +
v assumes antisym: ‘e Cy—yLor—zxcA—ycA—z=1y"
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Quast order

e set (A) + binary relation ( C )
locale related_set =
fixes A :: ""a set” and less_eq :: “'a = 'a = bool” (infix “C" 50)

e reflexive © xLC x

locale reflexive = related_set +
assumes refl[intro]: “z € A = z C z"

e transitive < xLC yand y C zimplies x C 7

locale transitive = related_set +
assumes transftrans]: ‘c Cy—=yLCz—=zxcA—=yc A= 2€ A=z C 2"

o = o o o em W/ O o O o o = - - - - - - - rm - mm o= - - - - = = = E me =ma -
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Quast order

e set (A) + binary relation ( C )
locale related_set = o
fixes A :: “'a set” and less_eq :: “'a = 'a = bool” (infix "L=*"

e reflexive © xLC x P o
locale reflexive = related_set + ot :

e transitive < x "

locale trangis”

SIS SECEN SRS YA - 2 - - - m m omm = -t - - e e e et el -
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Pseudo order (Skala 71)

e set (A) + binary relation ( C )
locale related_set =
fixes A :: ""a set” and less_eq :: “'a = 'a = bool” (infix “C" 50)

e reflexive © xLC x

locale reflexive = related_set +
assumes refl[intro]: “z € A = z C z"

- - . B R T e O N o — T s s s —~r— s

s - ~s 3 5 Sus s s

e antisymmetric & xLC y andy & x impliesx =y

locale antisymmetric = related_set +
assumes antisym: t Cy—=yLCr—z2rc A=—yc A=z =1y"
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Pseudo order (Skala 71)

e set (A) + binary relation ( C )
locale related_set = P
fixes A :: “a set” and less_eq :: "a = 'a = bool” (infix L™ g

e reflexive © xLC x

locale reflexive = related_set + -
assumes reflfintro]: “z € A — " S

Iocale_‘ fietric = related_set +
assumes antisym: t Cy—=yLCr—z2rc A=—yc A=z =1y"
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Hierarchy of locales

@ </— strict_order \/s
c zr\x/_\ e

irreflexive

,@metric

( near_order

—tolerance X

@_equiv@ transm

symmetric )¢

antisym@

partial_order

You can easily add termination, confluence, ... into this picture

equivalence quasi_order

N

tolerance

: reflexive
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FP theorems

e Data:
e Arelation (A, C )
e Afunctionf: A — A

e Assumptions:
e (A, C )is an “order”
e finteracts with
e Some sups for

exist (completeness)

e Conclusions:
e There exists a fixpoint f(x) = x
 There 1s a least fixpoint
* The set of fixpoints 1s complete
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FP theorems

- iy os Usually: partial order
° (A9 — ) s an “order Here: pseudo order or even less
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FP theorems

e finteracts with
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Momnotone, inflationary, continuous

e Monotone
Vx,y € A,xCy = f(x) C f(y)

* Inflationary
Vx € A, x C f(x)

e Continuous

f(sup C) = sup (f(C)) for some C

Example 1: if true for all C omega chains, f is omega continuous
Example 2: if true for all directed sets, fis Scott continuous
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Momnotone, inflationary, continuous

Vx,y € A,xCy = f(x) C f(y)

* Inflationary
Vx € A, x C f(x)

e Continuous

f(sup C) = sup (f(C)) for some C
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FP theorems

e Some sups for C exist (completeness)
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Extreme bounds for relations

e hbisaboundof XforC & Vxe X, xC b

definition “bound X (C)b=Vz € X. 2 C b"

<

e b is an extreme element of X for
beXand Vxe X, xC b

definition “extreme X (C)e=ec€ X A (Vzx € X. x C ¢)"

e b is an extreme bound of X forC <
b 1s a bound of X for C and
for all bounds b’ of X forC, b C b’

abbreviation “extreme_bound A (C) X = extreme {b € A. bound X (C) b} (2)"
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Extreme bounds for relations

e pisaboundof XforC © Vxe X, xC

abbreviation “extreme_bound A (C) X = extreme {b € A. bound X (C) b} (2)"
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... but beware of counter-intuitions

e An extreme bound of the singleton {x}:
* may not exist
e or 1f 1t exists, 1t may not be equal to x itself

* Extreme elements and extreme bound are not unique
If ¢ and d are extreme elements of the same setthenc ~ d,thatisc C dandd C ¢

e ¢ being an (extreme) bound of X and ¢ C d do not imply
that d is a bound of X
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... but beware of counter-intuitions

‘AII@XtI‘GmG a¥alWa he ¢1noletor

» may not el Equivalent to reflexivity

e or if 1t exists, 1t may not be equal to x 1tse

* Extreme elements and extreme bound are not unique
If ¢ and d are extreme elements of the same setthenc ~ d,thatisc C dandd C ¢

e ¢ being an (extreme) bound of X and ¢ C d do not imply
that d is a bound of X
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. but beware of counter-intuitions

e An extreme
°* may not e>
e or 1f 1t exists, 1t may not be equal 10 X 1tse

* Bxtreme {F quivalent to antisymmetry Cdandd C ¢

e ¢ being an (extreme) bound of X and ¢ C d do not imply
that d is a bound of X
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. but beware of counter-intuitions

e An extreme bound of th 1 T

* may not e’ Equwalent to reflexivity

e or 1f it exists, 1T may not be equal to X 1tse

e Extreme ¢ - .
o] EQUIValent to antisymmetry|. . ,....c.
that d is 2 lEQUIVaAlent to transitivity
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What about rewriting relations’?

 Confluence using bounds:
C is confluent iff every set {x C y, z} has a bound

o Extreme elements are normal forms

e What about extreme bounds?
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Completeness assumptions

 Khnaster-Tarski: all the subsets have a sup

* Bourbaki-Witt: all the chains have a sup

 Pataraia: all the directed sets have a sup

* Kleene: all the omega chain have a sup
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Generalisation and instantiation

 Arelation (A, C ) is C-complete, for C a class of sets, if all
subsets of A in C has an extreme bound

definition complete (“_-complete”[999]1000) where
“C-complete A (C) =VX C A. X € C — (ds. extreme_bound A (C) X s)"

e Chains:

locale connex = related_set +
assumes r€c A—yecA=xCyVyLcz"

e Directed sets:

definition “directed X (C)=Vre X.Vye X. dze X. 2 C 2 Ay LC 2"

* Omega chains:

definition “omega_chain X (C) = X € {range c | ¢ :: nat = 'a. monotone (<) (E) c}"
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Completeness assumptions

 Khnaster-Tarski: all the subsets have a sup

“UNIV-complete A (C)”

* Bourbaki-Witt: all the chains have a sup

“{X. connex X (C)}-complete A (C)"
 Pataraia: all the directed sets have a sup

“{X. directed X (C)}-complete A (C)"

* Kleene: all the omega chain have a sup

“{X. omega_chain X (C)}-complete A (C)"
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Completeness in TRS: Knuth-Bendix
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Completeness in TRS: Knuth-Bendix

A

Critical pair
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Completeness in TRS: Knuth-Bendix

A

Critical pair

normal normal
form form
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Completeness in TRS: Knuth-Bendix

A

Critical pair

. This term becomes
:the sup of the diagram!:

e M O M M W W W W W W W W W W NN NN W W W NN NN EEEEEEm
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
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Completeness in TRS: Knuth-Bendix

A

Critical pair

. This term becomes
:the sup of the diagram!:

e M O M M W W W W W W W W W W NN NN W W W NN NN EEEEEEm
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-
-

Knuth-Bendix completion

Making the rewriting relation complete w.r.t. those diagrams
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Well-orderedness

* Well-related set: every non-empty subset has a least element

locale well_related_set = related_set +
assumes “X C A = X # {} = de. extreme X (3) €"

e Well-related sets are chains:

sublocale well_related_set C connex

e Well-related sets are well-founded:
Vaec A. (Vxe€A. VyeA.yCce—Py) — Pz) — Pa’
TE Yy =cEuhULT

e Completeness w.r.t. well-related sets is enough!
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Well-orderedness

 Completeness w.r.t. well-related sets is enough!
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FP theorems for monotone maps

paper | reflexivity | transitivity| antisym. | *"'P'°® | existence | least | complete | ordinals | 2X°T
| Y Y Ve | VYV Y

BAI:ooi‘r:nvr:1 v v v |wichains| ¢/ X X
Markowsy| v/ v ¥ | chains v v 4 v

Pataraia | v/ v y |dedd) ¢ v 4

g:::;ae v Y |wichains| ¢ v v v

waadn | V' LA T . A0 . A

Grall v v v chains v v v 4
DY v.1 v UNIV v v v

DY v.2 Y |fteweren| ¥V v v
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FP theorems for inflationary maps

paper reflexivity transitivity antisym. covr:ﬂ?te existence ordinals ac):(::)rir;:f
Bourbaki i
Witt J J J chains J f
BArboim v v v wf chains v
Grall J J J chains J J
DY v.1 v UNIV v
DY v.2 J / well-related /

sets
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Iterative FP theorems

paper reflexivity transitivity antisym. continuity covr:;r)fte existence least
Kantorovitch J J J omega UNIV / /
Tarski countably countable
arskl / / / distributive sets J J
Kleene J J J Scott difei?d J J
Mashburn J f J omega 2::3: J {
ox V | oma | Tew |y
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Why antisymmetry cannot be avoided?
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Why antisymmetry cannot be avoided?

L is complete reflexive and transitive,

fis monotone, inflationary and continuous,
but no fixpoints
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Why antisymmetry cannot be avoided?

Every proof in the literature prove

the existence of a (least) quasi fixpoint
x ~ f(x),i.e., x C f(x) and f(x) C x

and use antisymmetry to conclude it is a fixpoint
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Can we avoid antisymmetry?

C is complete, f is monotone,
but no least fixpoints
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Attractivity

Ifx ~yandz L ythenz L x
fx ~yandx C z'theny C 7’ N3 NI =

~
—
i

sublocale transitive C attractive

sublocale antisymmetric C attractive




Without antisymmetry

Complete

attractivity map w.rt

existence least complete

X monotone UNIV {

inflationary UNIV
monotone UNIV J
monotone well-related sets

IR IRIRNE.
IRIRIAIR
AR NIR N

well-relatedC C
monotone J
& closure prop.
omega i
. omega chains
continuous
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Without antisymmetry

Complete

attractivity map w.rt

existence least complete

X monotone UNIV {

inflationary UNIV

monotone UNIV

well-relatedC C

monotone
& closure prop.

omega
continuous

X v
v v
v monotone | well-related sets Y
v v
v v

omega chains
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Main statement

theorem attract_mono_imp_fp qfp_complete:
assumes “attractive A (C)"” and “C-complete A (C)”
and VX C A. well_related_set X (E) — X € C”"
and extend: VX €C. VY €eC. XC°Y — XUY €(”

and “monotone_on A (C

) (C

shows “C-complete ({g € A. f ¢ ~ q} U P) (E)"

) f"and ‘P C {x € A. fx = x}"
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Main statement

Only order-theoretic
assumption

p.fp_qfp_complete:
(E)"{and “C-complete A (C)"
=N-Felated set X (B) — X e’

andextend VXEC v el XxX1°Y > XY et

and “monotone_on A (C

) (

C) f"and "PC {z € A. fz=x}"
shows “C-complete ({g € A. f ¢ ~ q} U P) ()"
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Main statement

theorem attract_mono_imp_fp qfp_complete:
assumes “attractive A (C)" and “C-complete A (C)"
and VX C A. well_related_set X( ) — X el”
and extend: " X Ay XU e

Monotone case
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Main statement

theorem attract_mono_imp_fp_qfp_complete:
assumes “attractive A (C)" and "C-complete A ()"
and J“X C A. well_ related. set ( X e
andpxtend: "VX €C. VY €C. XC°Y — XUY € ,‘
and "monotone_on " (E ey and "PClz €A fz=za}
shows “C-complete ({q € A. g~ q} U P) (E)"

True for all classes (C mentioned here
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Step 1: defining
derivations

Assumptions: None
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Idea: derivation trees [Grall’10]

X Is derivable C chain and Vx € C, x is derivable
(Succ) (Lim)
f(x) is derivable sup(C) is derivable

Intuition: the derivable elements are of the form f“( L ) for some ordinal a

Proof:
1. D = {x.Xxis derivable} is a chain, and ¢ = sup(D)

2. ¢ C f(c) (easy proof)
3. ¢ is derivable (by Lim)
4. f(c) is derivable (by Succ), and f(c) CE ¢

Jérémy Dubut (NIl & JFLI) Fixed-Point Theorems for Non-Transitive Relations 34th TRS meeting (15-17/03/21)



Idea: derivation trees [Grall’10]

X Is derivable C chain and Vx € C, x is derivable
(Succ) (Lim)
f(x) is derivable sup(C) is derivable

Intuition: the derivable elements are of the form f“( L ) for some ordinal a
Proof:

1. D = {x.xis derivable} is a chai This easily fails when L is not an
2. ¢ C f(c) (easy proof) .
3. ¢ is derivable (by Lim)

4. f(c) is derivable (by Succ), and f(c) CE ¢
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Idea: derivation trees [Grall’10]

X Is derivable C chain and Vx € C, x is derivable
(Succ) (Lim)
f(x) is derivable sup(C) is derivable

Intuition: the derivable elements are of the form f“( 1 ) for some ordinal «

Proof: PR A S A B

1. D = {x.Xx is derivable} is a chai Thls easﬂy falls when IZ |s not an order'
. ¢ Cf(c) (easy proot) oo o |

3. ¢ is derivable (by Lim)' ThIS uses the axiom of ch0|ce

4. f(¢) is derivable (by Succ), and f(c) L o
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Care about derivations, not derivables

definition “derivation X = X C A A well_ordered_set X (C) A
(Vre X.letY ={y€ X.yLC x}in
(Jy. extreme Y (C)yAzxz=fy)V(f'Y CY A extreme_bound A (C) Y z))"
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Care about derivations, not derivables

A derivation tree is well-founded

definition “derivation X = X C A Afwell ordered set < L-JA
(Vre X.letY ={y€ X.yLC x}in
(Jy. extreme Y (C)yAzxz=fy)V(f'Y CY A extreme_bound A (C) Y z))"
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Care about derivations, not derivables

A derivation tree is well-founded

Ancestors of x in the derivation

definition “derivation C A Npwell"ordered set X [T TN

(Vz € X. let}y

Ler e

(Jy. extreme

Jérémy Dubut (NIl & JFLI) Fixed-Point Theorems for Non-Transitive Relations 34th TRS meeting (15-17/03/21)



Care about derivations, not derivables

A derivation tree is well-founded

Ancestors of x in the derivation

(f 'Y CY A extreme_bound A (C) Y z))"

X Is derived by the successor case
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Care about derivations, not derivables

A derivation tree is well-founded

Ancestors of x in the derivation

x is derived by the successor case X Is derived by the limit case
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Care about derivations, not derivables

A derivation tree is well-founded

Ancestors of x in the derivation

x is derived by the successor case X Is derived by the limit case

Not in [Grall’10]
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Step 2: contructing a
quasi fixpoint using
derivations

Assumptions:
e L[ is antisymmetric
e If x is derivable, then f(x) C f(x)
e If x and y are derivable, and if x C y then x C f(y)
e L iswell-complete
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Step 2: contructing a
quasi fixpoint using
derivations

Assumptions:
e L[ is antisymmetric
e If x is derivable, then f(x) C f(x) True if C is reflexive
e If x and y are derivable, and if x C y then x C f(y)
e L iswell-complete
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Step 2: contructing a
quasi fixpoint using
derivations

Assumptions:
e [ is antisymmetric
e If x is derivable, then f(x) C f(x) True if C is reflexive
* If x and y are derivable, and if x C y then x C f(y) True if C is transitive
* L iswell-complete and f is inflationary
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Goal

The main task is to prove:
definition “derivable x = 3X. derivation X A x € X"

lemma derivation_derivable: “derivation {x. derivable x}"

Indeed, together with (elementary proofs, 68 and 28 lines):

lemma derivable_closed:
assumes ‘“derivable " shows “derivable (f x)

lemma derivation_lim:
assumes “derivation P" and “f "P C P” and “extreme_bound A (C) P p"
shows “derivation (P U{p})”

We can conclude the existence of a fixpoint (elementary proof, 14 lines):

lemma sup_derivable_fp:
assumes “extreme_bound A (C) {z. derivable z} p"
shows “f p = p"
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Goal

The main task is to prove:
definition “derivable x = 3X. derivation X A x € X"

Indeed, together with (elementary proofs, 68 and 28 lines):

lemma derivable_closed:
assumes “derivable " shows ‘“derivable (f x)"
lemma derivation_lim:

assumes ‘“derivation P" and “f "P C P" and “extreme_bound A (C) P p
shows “derivation (P U{p})”

We can conclude the existence of a fixpoint (elementary proof, 14 lines):

lemma sup_derivable_fp:
assumes “extreme_bound A (C) {z. derivable z} p"
shows “f p = p"
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Derivables are well-related

interpretation derivable: well_ordered_set “{x. derivable z}" “(C)

The main trick to avoid the axiom of choice is to use:

lemma closed_UN_well_founded:
assumes VX € X. well_founded X (C)A (Vx e X. Vye | UX. yCz— y € X)"
shows “well_founded (| J X) (C)”

With the collection & of derivations.
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Derivables are well-related

interpretation derivable: well_ordered_set “{x. derivable z}" “(C)

The main trick to avoid the axiom of choice is to use:

lemma closed_UN_well_founded: L
assumes “VX € X. well_founded X (C) AfVz e X . Vye JX. y Tz — y € X)"}]
shows “well_founded (| X) ()"

With the collection & of derivations.

lemma derivations_cross_compare:
assumes “derivation X" and “derivation YY" and "z € X" and "y € Y"
shows (zCyAze€eY)Ve=yVyCzAyeX)
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Derivables are well-related

interpretation derivable: well_ordered_set “{z. derivable z}" "(C)

The main trick to avoid the axiom of choice is to use:

lemma closed_UN_well_founded:

shows “well_founded (| X) ()"

With the collection & of derivations.
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Main lemma

lemma derivations_cross_compare:
assumes “derivation X" and “derivation YY" and “r € X" and "y € Y"
shows “(x CyAze€eY)Ve=yV(yCrx Ay e X)"

Hard proof (204 lines), by double induction on x and y and case distinctions

Some arguments rely on “useful” derivations used by [Grall’10] (83 lines from the 210):

lemma derivation_useful:
assumes ‘derivation X" and ‘z € X" and "y € X" and z C y"
shows “f z C y"
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Step 3: proving leastness
using monotonicity

Assumptions:
e [ is antisymmetric
e fis monotone
e L iswell-complete
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Momnotonicity implies the assumptions

Trivial (9 lines): a derivation is well_related so reflexive

lemma mono_imp_derivation_f_refl:
assumes “monotone_on A (C) (E) f”
shows “VX x. derivation X —wz € X — fxz C f 2"

Easy (35 lines): by induction on x and case distinction

lemma mono_imp_derivation_infl:
assumes “monotone_on A (C) (C) f

shows “VX x y. derivation X —zrze X —wye X —zxzCy —zC fy"
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Existence of a least fixpoint

lemma mono_imp_ex_least_fp:
assumes “well_complete A (C)"” and “monotone_on A (C) (C) f"
shows “dp. extreme {g € A. fq=q} (2) p"

Proof (31 lines): By induction on derivable x, x is below any fixpoint q.

(Succ case) (Lim case)
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Step 4: from
antisymmetry to
attractivity

Assumptions:
e [ is attractive
e fis monotone
e L iswell-complete
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Existence of the least quast fixpoint, with
attractivity

lemma attract_mono_imp_least_qfp:
assumes “attractive A (C)" and “well_complete A ()" and “monotone_on A (C) (C) f”

shows “dc. extreme {p € A. fp~pV fp=p}(T)cAfc~C"

Proof (83 lines): Apply the previous step on a quotient of A
® define ecl (“[_].") where “[z]. = {y € A. z ~ y} U {z}" for x
define @Q where “Q = {[z]|~ |. x € A}"
definition "X C°Y =Vz e X. Vyc Y.z Cy"
(0O, C° ) is antisymmetric and well-complete
® define Fwhere 'F X={yeA IxeX .y~ fz}Uf X" for X

F: O — Q is well defined and monotone

e ['then has a least fixpoint
e Every fixpoint of F'is the class of a (quasi)-fixpoint
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Step 5: completeness

Assumptions:
e [ is attractive
e fis monotone
e L is C-complete with:
e ( containing well-related sets
e ( closed under ordered unions
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General completeness

theorem attract_mono_imp_fp_qfp_complete:
assumes “attractive A (C)" and “C-complete A (C)”
and VX C A. well_related_set X (C) — X € C”"
and extend: VX €C. VWY e€(C. XC°Y — XUY €(”
and “monotone_on A (C) (C) f" and "P C{x € A. f x = z}"
shows “C-complete ({g € A. f ¢ ~ q} U P) (C)"

Proof (75 lines):

B satisfies the assumptions
of the previous step:

e Bis f-closed (easy)
e Bis well-complete:
e Take YC BwithY € C
e XU Y € C by extend
e SUp 4(X U Y) exists
o SUp ,(XUY)=supyl)

B={be A . Vxe X.xC b}

The least fixpoint of fon B
obtained by applying the

previous step on B
XCig~f(@tuP
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Instances: [Knaster-Tarski’53]
& [Stouti-Maaden’13]

theorem (in antisymmetric) mono_imp_fp_complete:
assumes “UNIV-complete A ()" and “f A C A" and “monotone_on A (C) (C) f"
shows “UNIV-complete {p € A. f p = p} (E)"

[Knaster-Tarski’55] without transitivity and reflexivity
[Stouti-Maaden’13] + completeness without reflexivity
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Instances: [Markowsky’76]

theorem (in antisymmetric) mono_imp_fp_connex_complete:
assumes “{X. connex X (C)}-complete A (C)"
and “f “A C A" and “monotone_on A (C) (C) f”
shows “{X. connex X (C)}-complete {p € A. f p = p} (E)"

[Markowsky’76] without transitivity and reflexivity
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Instances: [Pataraia’97]

theorem (in antisymmetric) mono_imp_fp_directed_complete:
assumes “{X. directed X (C)}-complete A (C)"
and “f “A C A” and "monotone_on A (C) () f”
shows “{X. directed X (C)}-complete {p € A. f p = p} (E)"

[Pataraia’97] without transitivity and reflexivity
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Instances: [Bhatta-George’l1]

theorem (in antisymmetric) mono_imp_fp_well_complete:
assumes “well_complete A (C)" and “f A C A" and “monotone_on A (C) (E) f"
shows “well_complete {p € A. f p = p} (E)

[Bhatta-George’11] without reflexivity and ordinals
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What’s next?

e Continue developing this archive (towards domain theory?)

e Use this archive (CPS, TRS?, others?)

e Use our “experience” 1n formalising mathematics in Isabelle to
develop other theories (topology, metric spaces, ...)
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